It is shown that the new data on the excitation energy E ex spectrum of the residual nuclear system in the Σ-hypernuclear region in the reactions
Introduction
New BNL data on 9 Be(K − , π ± ) reactions at 600 MeV/c in Σ-hypernuclear region [1] drastically changed the situation around the problem of the existence of excited states of Σ-nuclei. As followed from the old data (see, for instance, review [2] ) there were clear indications on the narrow peaks (Γ < 10 MeV) in the excitation energy spectrum of the residual nuclear systems in the region close to Σ-hyperon production. For this reason the idea about the creation of excited hypernuclear states seemed to be very attractive. However, from the very beginning the problem of a small hypernuclear width was discussed, since due to ΣN → ΛN conversion in nuclear matter all estimations lead to the widths more then 20 ÷ 40
MeV [2, 3] . Recent data (see Fig.1 where circles correspond to Several questions should be cleared up: whether these peaks call for the idea about Σ-hypernuclei existence or they are caused by the reaction mechanism and, probably, by the nearthreshold phenomena? If it is possible to understand the problem without Σ-hypernuclei then how will the natural and doubtless description be made with the help of the simplest mechanisms? Finally, are there the crucial tests to clear the question about the nature of the irregularities in the excitation energy spectrum of Σ-hypernuclear systems? Below we will try to answer these questions.
The first goal of this study is to show that it is quite plausible to describe all of the data on the reaction Be(K − , π − ) and the reactions (K − , π + ) on 9 Be, 12 C and 4 He nuclei without the idea about the existence of excited Σ-hypernuclear states (see Fig.2d ) but using Feynman graph language and taking into account the quasi-free Σ-hyperon production (Fig.2a) , the elastic rescattering of Σ (Fig.2b ) and final inelastic interaction of Σ-hyperon with the Σ → Λ conversion (Fig.2c) . In this case the interference of the pole graph of Fig.2a and the triangle graph of Fig.2b should be essential. We will also emphasize some characteristic features of the process 9
Be(K − , π + ) distinguishing it against others.
Another and the main purpose is to advance theoretical apparatus for final revealing of the nature of the peaks in the excitation energy spectra in order to give a method which could allow to distinguish the peaks caused by the Σ-hypernuclei existence from ones produced by the reaction mechanism. This method is based on the analytical properties of Feynman graphs. In our case the singularities of the nonrelativistic triangle graph (see Fig.2e ) are close to the physical region. This fact leads to the appearance of moving maxima in the excitation energy spectra as a function of the square of the momentum transferred from initial kaon to final π-meson. Note that in the experiment the extraction of this graph as a unique one is possible, if the Λ-hyperon, produced by the interaction of virtual Σ-hyperon with the intermediate nucleus, is detected. Therefore, the studying of the double differential cross sections (with and without Λ-hyperon detection in the final state) for A(K, π)X reactions could be sufficient test to distinguish the main features of the reaction mechanism.
The paper is organized as follows. The theoretical model is described in Section 2. Kinematical relations between various differential cross sections are given and the detailed properties of the amplitude for the triangle graph are discussed. Section 3 is devoted to the procedure of 9 Be data processing, in particular, to a difference method which was used to extract the contribution of (K − , π − ) process on the outer weekly bound neutron.
The question about the role of relative phase between the amplitudes for pole and triangle graphs (see Fig.2a and 2b) is also discussed.
The final results for (K − , π − ) reaction on 9 Be and (K − , π + ) one on 9 Be, 4 He and 12 C nuclei, which are in good agreement with the experimental data, are given in Section 4. We also discuss possible reasons for strong difference between the excitation energy spectrum for
9
Be and the same ones for 4 He and 12 C.
The picture of the moving triangle singularities is discussed in Section 5. We present results of the calculations for the excitation energy spectra for the channels with Σ → Λ conversion for different momentum transfer from initial kaon to final pion. They show that the moving peaks in the excitation energy spectra are experimentally observable. For comparison the excitation energy spectra with hypernuclear state production (see Fig.2d ) are also calculated. In this case the position of the peak does not practically depend on the momentum transfer.
The main results and concluding remarks are given in Conclusion.
Theoretical model
We will consider the graphs of Fig.2a-2c where, as mentioned earlier, the pole graph (Fig.2a) represents quasi-free Σ-hyperon production. Triangle graphs correspond to the rescattering of virtual Σ on the intermediate nuclear system without conversion (Fig.2b ) and with conversion ( Fig.2c) , excluding production of Σ-hypernuclear bound or resonance states (this process would correspond to the graph of Fig.2d ). Let's analyze more accurately the main properties of triangle Feynman graphs before to make the fitting procedure. We will consider the general form of Fig.2e implying that the particle 2 is Σ-hyperon, and the particle 1 is the residual nuclear system and the lower vertex stands in principle for the aggregate of all the processes that occur when Σ interacts with the residual nucleus. We denote by p i and E i the momentum and total energy of a particle i in the lab. system and introduce the notations
Here W is the invariant mass of the system 4 + . . . n, consisting of the particles produced after Σ-conversion in nuclear medium. We shall henceforth have relatively small q 
Here s 3x = m and κ pertain to the nuclear vertex
is the reduced vertex part [6] and determines the probability of the
factor M is determined by the structure of the triangle graph.
We will also need the differential cross section d 
where θ is the angle between particles z and x and E 0 is the total energy of all particles in lab. system.
We shall henceforth focus our attention on the quantity M which determines the behaviour of differential cross section (2) as function of kinematical variables (1) . It is convenient to introduce dimensionless variables
In terms of these variables M can be expressed in the form of two-fold integral in momentum space
with x = p/κ. Here F l (p) is the form factor of the vertex A → 1 + 3, normalized by the condition F l (iκ) = 1, l is the angular momentum of the relative motion of particles 1 and 3 in the nucleus A, P l is the Legendre polynomial.
In practice it is needed to use the general formulas taking into account the realistic nuclear form factor. In this case it is simpler to make transformation to the coordinate space where M can be expressed as one-fold
Here j l is the spherical Bessel function, the quantity Ψ(r) is introduced by the equation
(in the single-particle model it would be proportional to the wave function of the relative motion of particles 1 and 3). The quantities A and B are defined in the following manner
Hereinafter, except Section 5, we will take the amplitude of the lower vertex of Fig.2e to be constant as we are first of all interested in the effects due to the structure and analytical properties of the graphs. We would like, whenever possible, to obtain model independent results. Taking into account that there are no reliable data on sigma-nuclear interactions, we prefer not to rely on the calculations using a Σ-A optical potential. Let us point to the detailed research of K
He interactions with various kinds of such potential [8] . In particular it shows a strong dependence of the results on the potential parameters.
The amplitude M (6) of . In terms of the variables ξ and λ the triangle singularity is situated at
If we can approach closely to the position of the triangle singularity in an experimental investigation then the amplitude of a triangle graph would be a sharp function and it is possible to expect that a bump in W distribution will appear. The position and width of the bump must vary with q 2 . We will discuss in Section 5 how this property of a triangle graph can be checked.
Procedure
Though the data [1] on the processes
and
(see Fig.1 ) do not show any narrow structures, they, as we shall see below, contain a lot of a physical information and unexpected features (positions of bump maxima, an absence of narrow nearthreshold peaks due to channels with Σ → Λ conversion and so on). The channel (11) is related to Σ-production on the protons
and the channel (12) can be realized on the protons
as well as on the neutrons
The cross section of the process (14) is much less than the cross section of the process (15) at 600 MeV/c [2] . The data for the channels (11) and (12) Be which is equal only 1.67 MeV. So it is interesting to isolate the part of the channel (12) cross section which takes place on the outer neutron.
Zero in the excitation energy E ex in the channel (11) Fig.1 , related to E ex < 0, can have their origin in the process of Σ production followed by the conversion
as well as (for the channel (12)) in the "tail" of direct Λ production. The estimation of this tail behaviour in the model of a quasi-free Λ production shows its sharp decrease in the interval of E ex from -20 MeV to zero. It contradicts the data on the channel (12). Therefore we take the model of a quasi-free Λ production followed by its rescattering. It leads to the result shown by the solid curve in Fig.1 (the normalization of the curve is fixed by the experimental point at E ex = −20 MeV). In the following the corresponding values (the physical background due to the direct Λ production) will be subtracted from the data for the channel (12).
The nucleus 9 Be has most probably a cluster structure which consists of the core ( 8 Be or two α-particles) and the loosely bound outer neutron.
So the reaction (12) can have a contribution from four protons and four neutrons of the core as well as from the outer neutron. The reaction (11) can proceed only on four core protons. We have simultaneously the data on both channels (11) and (12). It provides a possibility to isolate the part of the cross section of the channel (12) which is related to the outer neutron contribution considering that the wave functions of the core neutrons and protons are close. For this purpose let us note that the sum of the cross sections of the processes (14) and (15) at 600 MeV/c is approximately equal to 90 % of the cross section of the process (13). Thus we can believe that the contribution of the core neutrons and protons to the cross section of the channel (12) is approximately 90 % of the cross section of the channel (11) . Then the expression (σ 2 − 0.9σ 1 ) gives the contribution of the outer neutron to the cross section of the process (12) . Here σ 2 is the cross section of the channel (12) minus the contribution of the tail from the direct Λ production. In the following we will compare the results of our calculations of the process (12) with the result of this very difference procedure (see the points in Fig.4a ).
In subsequent calculations we will use the wave function (form factor) of the outer neutron in
9
Be from the n-α-α cluster model [9] . The corresponding form factor for the core proton was not calculated in the cluster model of ref. [9] . At the first stage we will use the p-wave oscillator wave function with the parameter p 0 = 130 MeV/c [10] . For studying a sensitivity of the results to a shape of a wave function we will also make calculations with the model p-wave function of a "quasi-Hulten" type
which has correct asymptotic behaviour at r → 0 and r → ∞. Note at once that it will not change the results qualitatively.
Let us present at first several intermediate results for the case of the reaction (11) at 600 MeV/c for small angles. Fig.3a shows the real and imaginary parts of the triangle graph with a secondary interaction of the Σ-hyperon with the residual nuclear system (Fig.2b and 2c) (13)- (15)). Large interference effects were also noted in ref. [8] .
Results
Let us pass to the presentation of the results for the best fit to the data on the channels (11) and (12) . First of all we are interested in a principal possibility of the description without the introduction of Σ-nuclei.
Therefore at this point we did not set a task to estimate the absolute values of cross sections (at least it demands to account additionally for the absorption in initial and final states) but were concentrated on the description of the shape of the E ex distributions at small pion angles. For this reason the normalization factors of Fig.2a and 2b graphs and their relative phase were taken as free parameters. Here it is necessary to make a few notes. As to an absolute normalization, ref. [8] shows that the theoretical calculations for (Fig.2a) . The contribution of Fig.2c graph was not taken into account as the experimental points at E ex < 0 are practically equal to zero. He. Here the dotted curves are the contributions of the processes with the conversion normalized to the points at E ex = 0.
The solid curves present the results of full calculations with account of the interference of Fig.2a and 2b graphs with the relative phase equal to 1 We will not consider now the process 4 He(K − , π − ) where the bound Σ-hypernuclear state of 4 He was discovered [13] . Here the picture is more complicated due to presence of a resonance peak. In principle, our model must describe the background including, in particular, all data at E ex > 0. We hope to discuss it in another publication. Fig.5a and 1.3π for Fig.5b . The dashed curves are the separate contributions of the quasi-free Σ production. One can see that our simple model provides a possibility to describe the data very well.
0.9π for
Certainly, owing to use of large number of fitting parameters our description of the data on (K − , π ± ) reactions can be considered simply as a successful parametrization. However, the possibility of such parametrization was not obvious beforehand. We shall note that in sigma-nuclear physics the use of large number of free parameters is not the unusual fact.
Let us indicate, for example, the paper [12] where four parameters were used for the description of stopped K It is necessary to emphasize also the following. In our calculations it was supposed that the residual nuclear system is in the ground state or in one of low excited states. There is direct experimental data on the reaction (e,ep) for the cases of give dominant contribution [17, 18] . The same is also noted for 12 C case in ref. [19] devoted to the quasifree Σ production in (
There are no electron data on the vertex
Be. However the evaluation in (2α + n) model [9] shows a preference of the transition to the ground state of 8 Be. Apparently, it is not so for the process
This case will be separately considered in the following section.
5 The case of Be(e,ep) reaction. It is possible only to state that the available data [21] show a wide distribution with respect to the proton removal energy and do not contradict such hypothesis. In that case, on the one hand, the E ex distribution from the quasi-free Σ production is shifted to the right. On the other hand, the intermediate state in Fig.2c graph becomes not two-particle but three-or many-particle. It completely changes the shape of nearthreshold behaviour. Fig.6 shows the comparison of |M| 2 for the triangle graphs with two-particle (solid curve) and three-particle (dotted curve) intermediate
states.
The character of the dotted curve leaves room for the significant contribution of the conversion, keeping small number of events at E ex ≤ 0. which is suggested in ref. [21] for the region of large proton removal energies.
6 Moving singularities and the mechanism of Σ-hypernuclear systems production 
Conclusion
Thus all considered data on the reactions (K − , π ± ) in the Σ-hypernuclear region can be basically described without the supposition on the existence of Σ-hypernuclei. The bumps in the excitation energy distributions of the residual nuclear systems are due to the peculiarities of the reaction mechanisms.
The successful description of the available data by means of the simplest mechanisms cannot completely exclude the existence of hypernuclei. We tried to emphasize that the decisive conclusion on this problem can be made only with the help of a detailed investigation of the Σ-hypernuclear system production mechanism. We propose to study the cross section . The data are from ref. [1] . The solid curve is the result of a full calculation. The dashed curve shows the contribution only from the quasi-free Σ production (Fig.2a) . (b) The excitation energy distribution in the reaction 9 Be(K − , π − ) on the outer neutron. The experimental data are obtained from the data of ref. [1] by means of the difference procedure described in Section 3. The solid curve is the result of a full calculation. The dotted curve is the contribution of the processes with the conversion Σ → Λ. The dashed curve shows the contribution only from the quasi-free Σ production (Fig.2a) . • . The data are from ref. [12] . The solid curve is the result of a full calculation. The dashed curve shows the contribution only from the quasi-free Σ production (Fig.2a) . (b) The excitation energy distribution in the reaction 4 He(K − , π + ) at 600 MeV/c for small angles. The experimental histogram is from ref. [11] . The meaning of the curves is the same as in Fig.5a . 9 Be(K − , π + ) with threeparticle intermediate state in Fig.2c graph. The solid curve is the result of a full calculation. The dotted curve is the contribution of the processes with the conversion Σ → Λ. The dashed curve shows the contribution only from the quasi-free Σ production. (Fig.2d) with the width 10 MeV and the mass corresponding to E ex = 15 MeV.
